A fullerene F n is a 3-regular (or cubic) polyhedral carbon molecule for which the n verticesthe carbons atoms -are arranged in 12 pentagons and ( n 2 ? 10) hexagons. Only a nite number of fullerenes are expected to be, up to scale, isometrically embeddable into a hypercube. Looking for the list of such fullerenes, we rst check the embeddability of all fullerenes F n for n < 60 and of all preferable fullerenes C n for n < 86 and their duals. Then, we consider some in nite families, including fullerenes with icosahedral symmetry, which describe virus capsids, onion-like metallic clusters and geodesic domes. Quasi-embeddings and fullerene analogues are considered. We also present some results on chemically relevant polyhedra such as coordination polyhedra and cluster polyhedra. Finally we conjecture that the list of known embeddable fullerenes is complete and present its relevance to the Katsura model for vesicles cells.
H 6 are`1-rigid. Lemma 1.2 9] Any`1-graph not containing K 4 is`1-rigid.
Finally, we recall that a graph G is called hypermetric (see 15] for details) if its path metric d G satis es all hypermetric inequalities de ned by: G is an isometric subgraph of a hypercube ) d G is`1-rigid ) G is an isometric subgraph of a half-cube ) d G is an`1-graph ) d G is hypermetric ) d G is (2k + 1)-gonal ) d G is (2k ? 1)-gonal ) d G is 3-gonal (= metric).
1.2 Fullerenes and the isoperimetric problem for polyhedra 1.2 
.1 The isoperimetric quotient
Fullerenes are closely related to the isoperimetric problem for polyhedra (which goes back to Lhuilier 1782, see 48] ). This problem is to nd the polyhedron with a given surface S and m facets which contains the largest volume V . In other words, minimize the Steinitz number S 3 V 2 or, equivalently, maximize the isoperimetric quotient IQ = 36 V 2 S 3 -a term introduced by P olya in 56] (Chap. 10, problem 43). See Florian The ve Platonic solids (adapted from a drawing by Kepler) Kepler 44 ] interpreted a high (resp. low) IQ as wetness (resp. dryness) and as a justi cation for why the icosahedron and the tetrahedron symbolizes respectively the water and the re, see Fig. 1 .2.
Fullerenes and their duals: best polyhedral approximation of a sphere?
In 34] Goldberg introduced, in 1935, in a slightly more general setting, the fullerenes (he mentions that Kirkman 46] found, in 1882, over 80 out of the 89 isomers of F 44 ). He dened, for n 6 = 18; 22, a medial polyhedron with n vertices as a simple polyhedron for which all facets are b6 ? 24 n+4 c-gons or b7 ? 24 n+4 c-gons. Clearly, for 4 n 6 = 18 20, the rst 8 medial polyhedra are the 8 dual convex deltahedra and, for 20 n 6 = 22, medial polyhedra are the fullerenes. Therefore, we extend the notation F n to a medial polyhedron with n vertices. (I h ) and C 80 (I h ). Goldberg 34] proved that the regular dodecahedron F 20 (I h ) is the best polyhedron with 12 facets and gave the following conjecture.
Conjecture 1.3 Goldberg 1935]
Among polyhedra with m facets, m 6 = 11; 13, a medial polyhedron F 2(m?2) reaches the highest IQ. We also recall the Grace 36 ] and Steiner 63] conjectures.
Conjecture 1.4 Grace 1963]
Among all polyhedra with n vertices lying on the unit sphere, n 6 = 18; 22, a dual medial polyhedron F n reaches the highest volume. The following two polyhedra given in Fig. 1.3 are almost medial and we call them quasimedial polyhedra with 18 and 22 vertices denoted byF 18 (C 2v ) andF 22 (C 2v ). WhileF 18 (C 2v ) is the edge-coalesced icosahedron (see 45]) given in Fig. 4 . 30,F 22 (C 2v ) is the one-edge truncated dodecahedron mentioned p. 274 in 57] . This polyhedron has 10 pentagonal facets which is the maximum among all simple polyhedra with 22 vertices. BothF 18 (C 2v ) andF 22 (C 2v ) and their duals are not 5-gonal. Another candidate to be quasi-medial polyhedron with 18 vertices is the one-edge truncated F 16 , see 57].
le=twomissings.ps,height=3.6cm Figure 1 .3: Quasi-medial polyhedraF 18 (C 2v ) andF 22 (C 2v ) le=goldberg.ps,width=15.0cm This case corresponds to the Coulombic potential (the Thomson problem). Among the congurations minimizing V n;1 found by Edmundson of the Lobachevsky plane by n-gons and its chamfering embeds into the in nite dimensional cubic lattice Z Z 1 for even n and into 1 2 Z Z 1 for odd n. Conjectures 1.3 and 1.4 present the fullerenes and their duals as a kind of best polyhedral approximation of a sphere, and the isoperimetric problem could be the underlying issue explaining, for example, the icosahedral structure of some virus capsids (see Section 3.3). So, this paper can be considered as an investigation of`1-embeddability of supposed best polyhedral approximation of spheres following 13] and 17] which are devoted to`1-embedding of, respectively, highly regular polyhedra and in nite polyhedra (plane partitions and lattices).
Half-cube Embeddings of Fullerenes
We expected the number of embeddable fullerenes to be nite and, throughout this paper, we try to obtain the list of such fullerenes. In this Section, after giving some results valid for any fullerenes and their duals, we check the`1-status of more than 4000 small fullerenes and their duals. For example, the embeddability of all fullerenes F n for n < 60 and preferable fullerenes C n for n < 86 is given in Figs. 2.5 and 2.6. Some in nite families are also considered. The graphs were provided by G. Brinkmann Figure 2 .6: Embeddability of small preferable fullerenes (Out of all 102 C n and C n with n < 86, only 2 are`1-embeddable) le=embeddingofF20.ps,width=5.0cm In this section we present two families of non`1-fullerenes based on a construction analogous to Fowler 28] carbon cylinder construction which gives preferable fullerenes. Starting from a fullerene F n that we can separate into two hemispheres by cutting 5 edges (resp. 6), we insert between those hemispheres a layer of 5 hexagons (resp. 6). The obtained fullerene has n + 10 vertices (resp. n + 12) and is called a 1-layered F n . By inserting i layers, we get the i-layered F n . For example, cutting anywhere F 20 and inserting i layers, we get the i-layered dodecahedron de ned as F 10(i+2) (D 5h ) for odd i and F 10(i+2) (D 5d ) for even i (see Fig. 2 .12). Starting with F 24 (D 6d ) and inserting i-layers of 6 hexagons between two hemispheres made of 5 pentagons surrounding a hexagon, we get the i-layered F 24 (D 6d ): F 12(i+2) (D 6h ) for odd i and F 12(i+2) (D 6d ) for even i, see Fig. 2 .12. Those two families were introduced in Table 5 of 27] as dihedral fullerenes with two caps. le=F40.ps,height=5.0cm le=5gonalF10n.ps,width=9.0cm The non 5-gonal con gurations of i-layered F 10(i+2) for i = 1 and for i 2. le=5gonalF12n.ps,width=9.0cm The non 5-gonal con gurations of i-layered F 12(i+1) for i = 1 and for i 2. le=dualF30.ps,width=9.0cm The non 5-gonal con gurations of dual i-layered F 12(i+1) and F 10(i+1) for i 3. 2 Item (i) of Proposition 2.3 was given in 13] where i-layered dodecahedra were called strained fullerenes and introduced as duals of 2-capped towers of (i+1) pentagonal antiprisms. Those fullerenes can be seen as somehow opposite to preferable fullerenes C n , that is, with many pentagons sharing a common edge. See also Propositions 3.3 and 3.6 where many other families of non`1-fullerenes are given.
To determine if`1-embeddability is more likely to occur for fullerenes with large symmetry, we focus on icosahedral fullerenes, that is, fullerenes with either the extended icosahedral group I h of order 120 or the proper icosahedral group I (=A 5 ).
Icosahedral fullerenes
Any icosahedral fullerene F n (I h ) and F n (I) comes by folding of triangular net and satis es n = 20T with triangulation number T = a 
Dual icosahedral fullerenes
Call icosadeltahedron the duals -C 20T (I h ) or C 20T (I) -of an icosahedral fullerene. Those icosadeltahedra were introduced by Goldberg 
Embedding of icosahedral fullerenes
The rst icosahedral fullerenes with ab 6 = 0 and a 6 = b, that is, with symmetry group I, are laevo and dextro C 140 (I) with either (a; b) = (2; 1) or (1; 2). These fullerenes (and their duals) are non`1-embeddable as well as C 60 (I h ) which is a (a; a)-fullerene with a = 1. We focus on icosahedral fullerenes with b = 0, that is, C 20a 2(I h ).
The (a; 0)-dodecahedron
Since the icosahedral fullerene C 20a 2(I h ) comes as a (a; 0)-generalized leapfrog of the dodecahedron, we call it the (a; 0)-dodecahedron. For example, the (1; 0)-dodecahedron is the dodecahedron itself, the (2; 0)-dodecahedron is Goldberg chamfered dodecahedron C 80 (I h ) given in Fig. 3 .14 (or item XLII of Fig. 1.4 ) and the (3; 0)-dodecahedron is C 180 (I h ), represented in Fig. 3.22 , taken from Sanpo-Kiriko-Shu by Yasuaki Aida (1747-1817) (see Miyazaki 52] ).
le=sphere1.ps,width=6cm for a i 2a and 5i hexagons for 0 < i < a or 2a < i < 3a. For 1 i 3a, denote by C i the set of edges separating two adjacent rings R i?1 and R i , and call a hexagon of R i simple (resp. meridian) with 2 (resp. 3) edges in C i and 2 (resp. 1) edges in C i?1 ; R 0 and R 3a being seen as north and south poles of C 20a 2(I h ). Clearly, R i contains exactly 5 meridian hexagons for 0 < i < a or 2a < i < 3a and only simple ones for a i 2a. For example, each pentagon of R a is connected to R 0 by a chain of (a ? 1) meridian hexagons and to two other pentagons of R a by a chain of (a ? 1) simple hexagons of R a . By contracting those chains to an edge, the rings R 0 ; R 1 : : :R a collapse to the half-dodecahedron and, by doing the same for all pentagons, C 20a 2(I h ) collapses to the dodecahedron.
To prove that C 20a 2 (I h ) is`1-embeddable only for a = 1, we rst recall some de nitions. The skeleton of C 20a 2(I h ) being of valency 3 and planar, a path entering a vertex v can exit it either by the right edge or the left one. A path or circuit for which the edges can be alternatively labeled as left or right are called alternating. The skeleton of a polyhedron P is uniquely covered by the family of all alternating circuits where each edge belongs to at most 2 circuits. If each circuit is not self-intersecting, that is, if each edge belongs to exactly 2 circuits, we call the family of alternating circuits complete. Then, if all alternating circuits of a complete family correspond to the convex cuts of the skeleton of P , this family gives an`1-embedding of P . Namely, indexing all the circuits, each edge of P is labeled by the 2 indices of the circuits containing it. We rst check if C 20a 2(Ih) has a complete family of alternating circuits. Clearly, the circuits C i separating rings R i?1 and R i form alternating circuits for a < i 2a; each C i containing 10a edges. Since we have 6 pairs of opposite pentagons, by changing the basic pentagon R 0 we get 6a circuits. In the gure below, the dotted line is the circuit C 0 4 with R 0 moved to R 0 0 . le=proof2.ps,width=5.5cm By construction, each edge of C 20a 2(I h ) belongs to at most 2 circuits. Now, since each of those 6a circuits contain 10a edges, the family contains at least 30a 2 edges, that is, exactly the number of edges of C 20a 2(I h ) -which implies that the family is complete. But, even if C 20a 2(I h ) has a complete family, C 20a 2 (I h ) is not`1-embeddable because those alternating circuits of C 20a 2(I h ) do not give convex cuts of C 20a 2 (I h ) for a > 1.
Now we prove that C 20a 2(I h ) is not embeddable for a > 2 by showing that its unique possible labeling do not give convex cuts. For a > 2, we have at least 2 rings R k , a < k < 2a which consist only of hexagons. These rings are separated by circuits C k , a + 1 < k < 2a and the edges of the ring R k connecting vertices of the circuits C k and C k+1 have the same labels. Hence, these edges determine cuts that we denote also by R k . Actually the cuts R k are not convex. Suppose that R k are convex and consider two adjacent rings R k?1 and R k separated by the circuit C k . Recall that if cuts (X 1 ; Y 1 ) and (X 2 ; Y 2 ) are convex, then the intersections X 1 with X 2 , Y 1 with Y 2 and X i with Y j are also convex. Let R k = (X k ; Y k ) a < k < 2a and X k contains the pentagon R 0 . Then the intersection Y k?1 with X k consists only of the vertices of C k . This means that any two points of C k are connected by a unique shortest path (going in C k ) if these points are not antipodal -while for antipodal points there are two shortest paths. Now, consider another system of rings R 0 k where R 0 0 is a pentagon distinct from R 0 and R 3a . This system determines a circuit C 0 k separating two convex cuts R 0 k?1 and R 0 k . This circuit C 0 k has a non-empty intersection with C k consisting of two edges x and y. These two edges are opposite in both the circuits C k and C 0 k that are even. Consider one endpoint of x and one endpoint of y. These endpoints are connected by at least two distinct shortest paths going in C k and C 0 k . This contradiction proves that the cuts R k cannot be convex. Moreover C 20a 2(I h ) is not 5-gonal. Actually, consider two hexagons h k and h 0 k belonging to R k \ R 0 k . These hexagons contain the edges x and y with, say, xinh k , and y 2 h 0 k . Take an endpoint v of y and two opposite edges of h k distinct from x. The endpoints of these opposite edges and v form a non 5-gonal con guration -which completes the proof. 2 Remark 3. 
Chamfered dodecahedron
We now consider special case of (a; 0)-dodecahedron where a = 2 t for an integer t. Since C 80 (I h ) was named the chamfered dodecahedron by Goldberg in 34], we call t-chamfered dodecahedron the (2 t ; 0)-dodecahedron C 20 2 2t(I h ). Clearly, the 0-chamfered dodecahedron is the dodecahedron itself, the 1-chamfered dodecahedron is the chamfered dodecahedron and the 2 and 4-chamfered dodecahedra are, respectively, C 320 (I h ) and C 5120 (I h ) -the dual of Mt. Washington and of Iena planetarium presented in Fig. 3 .17. Those t-chamfered dodecahedra are the result of the (t-times) edge truncation illustrated by Fig. 3 For any polyhedron P, denote Cham t (P) the t-times chamfered P. Each vertex v of P will valency k v with create k v new vertices in Cham 1 (P) and each edge of P will create a hexagon. So, the f-vector of the chamfering of a polyhedron P with constant vertex incidence k is f(Cham 1 (P)) = ((k + 1)f 0 (P); k f 0 (P) + 2f 1 (P); f 1 (P) + f 2 (P)) and the p-vector is preserved except p 6 (Cham 1 (P)) = p 6 (P) + f 1 (P). For a fullerene, the chamfering corresponds to a (2,0)-leapfrog transform and we have Cham 1 (F n (S g )) = C 4n (S g ) where S g is the symmetry group of F n . We also recall in Fig. 3 .24 the well-known edge truncation given in Chap. 10 of Loeb 49] .
le=loeb.ps,width=7.0cm With the de nition of alternating circuits given in the proof of Proposition 3.3, two necessary conditions for the`1-embeddability of the t-chamfered fullerene (2 t ; 0)-F n are:
(i) F n is`1-embeddable and (ii) the family of alternating circuits of F n is complete.
Proof. By induction, it is enough to prove it for the 1-chamfering. Let denote by E(F n ) the set of edges of F n and by Cham(F n ) the chamfering of F n . We have E(Cham(F n )) = E 1 (Cham(F n )) E 2 (Cham(F n )) where there is a one-to-one correspondence between pairs of parallel old edges of new hexagons of E 1 (Cham(F n )) and the edges E(F n ), and where the new edges E 2 (Cham(F n )) are the edges of Cham(F n ) shared by the new hexagons of Cham(F n ). Now, assume that F n is`1-embeddable. Using the same terminology as for the proof of Proposition 3.3, the`1-embeddability into 1 2 H m of F n means that we can label its edges by pairs: (i; j) 1 i < j m such that equivalent edges are labeled by the same pair (see, for example, Fig. 2.10 ). Then, since by construction the chamfering preserves the equivalence relation, the`1-embeddability of Cham(F n ) implies the`1-embeddability of F n (same labeling for E 1 (Cham(F n )) and for E(F n )). To prove (ii), we notice that edges of E 2 (Cham(F n )) are partitioned into equivalence classes not intersecting with equivalence classes of E 1 (Cham(F n )), moreover those equivalence classes of E 2 (Cham(F n )) are in one-to-one correspondence with the alternating circuits of F n . Now, if Cham(F n ) is`1-embeddable, the equivalence classes of E 2 (Cham(F n )) are precisely the convex cuts of Cham(F n ) and the corresponding alternating circuits of F n form the complete family of alternating circuits. Which completes the proof. 2 Proposition 3.6 Applying item (i) of Proposition 3.5, for any integer t, the following families of fullerenes are not`1-embeddable: C 60 2 2t(I h ), C 140 2 2t(I), C 28 I h )) ) and a C 100 . The 3 regular-faced polyhedra numbers (7), (54) and (68) (see 4]) come from the pentagonal rotunda M 9 ; precisely, (7) = M 9 + M 9 , (54) = 2 M 9 and (68) = M 9 + Antiprism 10 + M 9 . Those 3 polyhedra are not 5-gonal, the snub dodecahedron is`1-rigid embeddable into 
Edge truncations
The Loeb edge truncation of the 5 Platonic solids gives 3 Archimedean zonohedra. Namely, by this edge truncation the tetrahedron becomes the truncated octahedron, both octahedron and cube become the truncated cuboctahedron and both icosahedron and dodecahedron become the truncated icosidodecahedron. For the same 5 Platonic solids, the chamfered tetrahedron is the dual 4-capped octahedron (the capped facets being pairwise non-adjacent), the chamfered icosahedron (resp. dodecahedron) is the dual triakis (resp. pentakis) icosidodecahedron and the chamfered cube (resp. octahedron) is the dual tetrakis (resp. triakis) cuboctahedron. Actually, any zonohedron being embeddable into a cube, the chamfered cube, which is a simple zonohedron, embeds into H 7 ; its generators are e 1 ; e 2 ; e 3 ; (e 1 e 2 ) and (e 1 e 3 ). On the other hand, the chamfering of the Prism 6 and the rhombic dodecahedron, which are both zonohedra, gives polyhedra which are neither zonohedra nor`1-embeddable. The chamfered cube provides the following nice link between the dodecahedron and the rhombic dodecahedron (dually, the transition between the icosahedron and the cuboctahedron is known in chemistry, see 70] p.146). The chamfered cube is, on the one hand, partially (on the six 4-valent vertices) the vertex-truncation of the rhombic dodecahedron and, on the other hand, is partially (on the six edges linked pairwise by no less than two edges) the Loeb edge-truncation of the dodecahedron.
Remark 3.8 The proof of Proposition 3.5 never using that F n is a fullerene -it holds for the chamfering of any polyhedron. The tetrahedron is an example of polyhedron for which the chamfering is not`1-embeddable while satisfying the conditions of Proposition 3.5. Proposition 3.9 Among the Platonic solids, their chamferings and the duals of their chamferings, only the tetrahedron, the octahedron, the icosahedron, the cube and its chamfering, the dodecahedron and its chamfering and dual chamfered tetrahedron are`1-embeddable. Moreover, they embed into 1 2 H 2 where denotes the diameter of the polyhedron except the tetrahedronwhich is 1 2 H 3 -and the dual chamfered tetrahedron which embeds into 1 Even if C 60 is not`1-embeddable, we still can quasi-embed it into 1 2 H 20 in the following sense. We consider a relaxation of the notion of`1-embedding which allows us to nd the`1-metric somehow closest to the C 60 . We say that a metric d is t-embeddable if there is an`1-embeddable metric d 0 such that d 0 i;j = min(d i;j ; t) . This notion was introduced in 16] where it was shown that the polynomial algorithm given there for the recognition of`1-graph can be extended to the recognition of t-embeddable graphs. In particular, a unique 3-embedding into 1 2 H 20 of C 60 , called quasi-C 60 , which is also a 7-embedding, is given there. Moreover, quasi-C 60 is an`1-rigid (but not graphic) metric. There are at least two 2-embeddings of C 60 . Actually any simple polyhedron with m facets admits a 2-embedding into 1 2 H m where each vertex is associated to the 3 facets containing it; therefore any F 60 is 2-embeddable into H 20 whose non zero coordinates correspond to the 7 hexagons of C 60 containing a vertex with distance to v is less than 3 (the 7 grey hexagons of Fig. 3.25) . This give us a 7-embedding of C 60 into the odd half-cube H n , the omnicapping (sometimes called 2D-subdivision in topology) of P embeds into 1 2 H n+m . For example, the i-times omnicapped C 60 (I h ) embeds into n edges). Square fullerenes 3 n can be constructed for all even n 8 except n = 10 (see 37] p. 271). There are 1; 0; 1; 1; 1; 1; 3; 1; 3; 3; 3; 2; 8; 3; 7; 7; 7; 5; 14 square fullerenes 3 2k for 4 k 22 ( 18] ). The cube and the hexagonal prism are the unique square fullerenes 3 8 and 3 12 . Besides the (a; 0)-cube for a > 0, examples of preferable polyhedra, that is, without pair of 4-gons sharing a common edge, are duals tetrakis P, where P is the cube, cuboctahedron, triangular orthobicupola, gyroelongated triangular bicupola and snub cube with respectively 24; 32; 32; 44 and 56 vertices. The rst 2 are the truncated octahedron and the chamfered cube and let call the third one the twisted chamfered cube; they respectively embed in (i) All known`1-3 n are: the cube, the Prism 6 , the truncated octahedron, the chamfered cube and the twisted one. While the last one is not centrally symmetric, the 4 others are zonohedra with the chamfered cube being not space-lling.
(ii) The octahedron is the unique`1-embeddable dual square fullerene 3 n .
(iii) The tetrahedron is the unique`1-embeddable triangular fullerene 4 n . (iv) Besides the tetrahedron, all known`1-4 n are: the triakis tetrahedron 4 12 is is obtained from P 0 = f3; 3; 5g by adding the center of all 600 tetrahedra and the vertices dividing each edge into 3 equal segments. This gives a decomposition of each tetrahedral facet of f3; 3; 5g into smaller irregular tetrahedra; iteratively, P t is obtained from P t?1 .
Triangulations, spherical wavelets
The dual t-chamfered tetrahedron, cube and dodecahedron are used for triangulations, seen as a decomposition (of the geometric domain into polyhedral elements) technique, in computeraided geometric design, graphical rendering, solid modeling and nite element analysis. In particular, this is used for spherical wavelets (see Schr Besides virus capsids and geodesic domes, the dual (a; 0)-dodecahedra also occur as levels (concentric onion skins) in some large metallic clusters (see Gubin 180 where conjectured in 1985 to realize the icosahedral 5-cluster; it was proved in 1996 by Vagraftik 69 ] (see Fig. 4 .35, taken, with kind permission, from 38]). While the 1; 2; 4 and 5-clusters are realized (see Fig. 4 .36) a metallic 3-cluster realization is, we believe, not known yet.
le=russia.ps,width=8.0cm Contrary to the icosahedral and cuboctahedral clusters given in Fig. 4 Besides tting the Katsura model, the C 60 (I h ) is a uniquely elegant structure -term used by the Nobel committee awarding to Curl, Kroto and Smalley the 1996 Nobel prize in chemistry for the discovery of the rst fullerene: C 60 (I h ).
All embeddable fullerenes are known?
Embeddable fullerenes seem to be extremely rare; we believe that fF 20 
